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Endogenous competition mode in a mixed duopoly: irrelevance
results

By

Dusanee Kesavayuth, Ph.D.

Abstract

Existing theoretical work for mixed markets has established a series of so-called �irrel-

evance�results. While previous results relate to the attainment of the �rst-best allocation

for welfare, we provide a new irrelevance result in terms of the choice of strategic variable

in the product market. By endogenising the choice of strategic variable (price versus

quantity) when there is a product-market leader, we show that the identity of both the

leader and the follower �rm is irrelevant for the equilibrium mode of competition.

Keywords: Irrelevance result, mixed market, price competition, quantity competition.

JEL Classi�cation: H42, L13, L50.
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1 Introduction

Mixed markets where a public �rm coexists with private ones have attracted consider-

able attention by policy makers and economists alike. In his seminal contribution, White

(1996) established the so-called �irrelevance�result.1 This is an important �nding sug-

gesting that, in a mixed oligopoly, the �rst-best allocation for welfare can be attained

if output is subsidized; and that privatization does not alter welfare. Poyago-Theotoky

(2001) and Myles (2002) showed that the irrelevance result holds when the public �rm

moves �rst and chooses its quantity, while Hashimzade et al. (2007) showed that it also

remains robust under both price and quantity competition. More recently Tomaru et al.

(2013) demonstrated that the irrelevance result extends to the case of sales delegation

characterized by separation between ownership and management.

This research provides a new irrelevance result. Rather than focusing on the attain-

ment of the �rst-best allocation, we consider the choice of strategic variable in the product

market. We do so in a mixed duopoly where either a public �rm or a private �rm is a

Stackelberg leader and the choice of strategic variable is endogenous. We �nd that re-

gardless of whether the public or the private �rm is the market leader, the leader always

chooses the price contract whereas the follower is indi¤erent between the price contract

and the quantity contract. Therefore, the identity of both the leader and the follower

�rm is irrelevant for the equilibrium mode of competition. The rationale follows from the

fact that, in an imperfectly competitive market, the private �rm charges a relatively high

price and thus sells a relatively low level of output. Because the public �rm cares about

welfare, it internalizes the tendency of the private �rm to produce or price sub-optimally.

When the public �rm is the market leader, it maximizes welfare by exploiting its �rst

mover advantage, while if it is the follower it behaves strategically in order to induce the

private �rm to become a tougher competitor, in turn increasing welfare through lower

product prices.

1The study of mixed oligopoly markets dates back to Merrill and Schneider (1966). For recent
developments see, for example, Ishibashi and Matsumura (2006), Gil-Moltó and Poyago-Theotoky (2008),
Mukherjee and Suetrong (2009), Zikos (2010), Cato (2011), and Kesavayuth and Zikos (2013), among
others.
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As well as theoretically relevant, the study of mixed markets can be related with

real-world examples suggesting that in developed, developing and transitional economies,

state-owned �rms coexist with private ones.2 For example, in the information technology

sector of China, the public company Lenovo which maintains a dominant position, com-

petes against the private �rm Huawei and the partially privatized �rm TCL (Gartner,

2013).3 In some cases, by contrast, former public monopoly �rms may also lose their �rst

mover advantage to private �rms. Until recently, for example, television was considered

an essential public service in Spain. In 1990, however, the �rst private channels started

operating (Antena 3, Telecinco and Canal+) and soon enough gained dominant posi-

tions. Since then the dominant positions have been retained over the public channels La

1 and La 2.4 These examples suggest that certain critical industries such as information

technology, postal services and television are best described by the Stackelberg model of

leadership (see also Fjell and Heywood, 2002).

Our irrelevance result also contributes to a small literature endogenizing the choice

of strategic variable in mixed duopolies (see Matsumura and Ogawa, 2012; Choi, 2012,

Scrimitore, 2013). We depart from these studies by allowing either the public or the

private �rm to enjoy a �rst mover advantage, which appears to be consistent with a great

deal of the empirical evidence. Our result may have at least one important implication

indicating that future research in this area may want to consider the possibility that a

price setting is warranted to describe the strategic behavior of the market leader; while the

choice of either a price or a quantity setting appears to be relevant regarding the follower�s

strategic behavior. These modeling choices, as our analysis indicates, should further be

treated as being independent of the type of goods (i.e., substitutes or complements).

2The study of mixed oligopoly markets is also interesting because public involvement to rescue certain
�rms from failing is becoming increasingly common in the recent economic climate.

3Other examples are the Swedish and Danish postal service companies, Posten AB and Post Danmark,
both of which are former state-owned monopolies. In June 2009, PostNord AB was formed following a
merger by the two �rms. And PostNord AB, who retains a signi�cant �rst mover advantage both in
Sweden and Denmark, competes against the privately-owned company Citymail.

4Cuatro replaced Canal+ Spain on November 7, 2005, and in December 2009 it was merged with
Telecinco. For more details, see http://en.wikipedia.org/wiki/Television_in_Spain.
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2 Model

The envisaged industry consists of one public and one private �rm denoted by the sub-

scripts 0 and 1, respectively. The inverse demand is given by pi = a� qi� �qj, i; j = 0, 1,

i 6= j, where pi and qi are �rm i�s price and quantity, respectively. Inverting the demand

system yields the direct demands qi(pi; pj) = a
1+�

� pi
1��2 +

�pj
1��2 . The �rms produce either

substitute goods (� > 0) or complement goods (� < 0), and they can opt for setting price

or quantity. The �rms are assumed to operate at a constant marginal cost, m, where

a > m.

Each �rm�s pro�t is given by

�i = (pi �m)qi, i = 0; 1. (1)

The private �rm maximizes pro�t, while the public �rm maximizes social welfare

de�ned as the sum of consumer surplus and producer surplus

W =

�
a(q0 + q1)�

1

2
(q20 + q

2
1 + 2�q0q1)� p1q1 � p0q0

�
+ �0 + �1: (2)

We consider two games: in the �rst, the public �rm is the market leader; and in the

second, it is the follower. The sequence of moves is as follows. In stage one, the leader

chooses whether to adopt the price contract or the quantity contract. In stage two,

the follower observes the leader�s decision and then chooses itself whether to adopt the

price contract or the quantity contract. We shall regularly refer to the choice variables

(contracts) by the superscripts p and q, respectively; and to the leader and follower �rms

by the symbols l and f , respectively; also for the objective function W i0j0(say), with

i0; j0 = p; q, i0 6= j0, the �rst superscript will denote the contract of the public �rm,

whereas the second superscript will denote the contract of the private �rm. Figures (1a)

and (1b) display the game trees of the two games.
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Figure 1a: Game tree of Private Stackelberg Leader

Figure 1b: Game tree of Public Stackelberg Leader

3 Analysis

We solve for the subgame-perfect Nash equilibrium of each game using backward induc-

tion. From the game trees in Figure 1, there are 3 subgames: (i) the entire game, (ii)

the subgame beginning at the follower�s decision node following �price� by the leader,

i.e., the price subgame, and (iii) the subgame beginning at the follower�s decision node

following �quantity�by the leader, i.e., the quantity subgame.

5



Moreover, there are 4 possible cases in each game depending on each �rm�s strategy:

(i) both �rms choose quantities, (ii) both �rms choose prices, (iii) the leader chooses price

and the follower chooses quantity, and (iv) the leader chooses quantity and the follower

chooses price. We assume that the equilibrium prices and quantities in the four cases of

each game are all strictly positive.

Case 1: Both �rms choose quantities:

Consider �rst the case where the public �rm is the leader. In the second stage, the

private �rm chooses q1 to maximise its pro�ts with the belief that the public �rm has

chosen its Stackelberg quantity q0(q1). The outcome of this stage game is �rm 1�s reaction

function

Rqq1 (q0) =
a�m� q0�

2
. (3)

Anticipating that the private �rm holds its belief re�ected by Rqq1 (q0), the public �rm

chooses q0 to maximise welfare in stage one. The solution to this problem leads to

qqq0 (l) =
(a�m)(4� 3�)

4� 3�2
, (4)

where the symbols l and f denote a Stackelberg leader and follower �rm, respectively.

Using (3) and (4) yields equilibrium values for �rm 1�s quantity and pro�t as well as

welfare

qqq1 (f) =
2(a�m)(1� �)

4� 3�2
; �qq1 (f) =

4(a�m)2(1� �)2�
4� 3�2

�2 ; W qq(l) =
(a�m)2(7� 6�)

8� 6�2
:

(5)

We can conduct similar analysis when the private �rm is the leader. In the second

stage, the public �rm chooses q0 to maximise welfare and the outcome of this stage game

is �rm 0�s reaction function

Rqq0 (q1) = a�m� q1�: (6)

Anticipating the public �rm�s quantity choice re�ected by Rqq1 (q0), the private �rm
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chooses q1 to maximise its pro�ts in stage one. The solution to this problem leads to

qqq1 (l) =
a�m
2(1 + �)

. (7)

The rest of the equilibrium outcomes are then as follows:

qqq0 (f) =
(a�m)(2 + �)
2(1 + �)

; W qq(f) =
(a�m)2(7 + �)

8(1 + �)
; �qq1 (l) =

(a�m)2(1� �)
4(1 + �)

:

Case 2: The public �rm chooses price and the private �rm chooses quantity:

Consider the case where the public �rm is the leader. We note that the public �rm

faces the demand function qpq0 = a � p0 � q1�, and the private �rm faces the demand

function of ppq1 = a(1� �) + p0� � q1
�
1� �2

�
.

In the second stage, the private �rm chooses q1 to maximise its pro�ts with the belief

that the public �rm has chosen its Stackelberg quantity p0(q1). The outcome of this stage

game is given by

Rpq1 (p0) =
a(1� �)�m+ p0�

2(1� �2)
. (8)

Anticipating that the private �rm holds its belief re�ected by Rpq1 (p0), the public �rm

chooses p0 to maximise welfare in stage one. The solution to this problem leads to

ppq0 (l) =
a(1� �)� +m

�
4� � � 2�2

�
4� 3�2

. (9)

Using (8) and (9) yields the following equilibrium values for �rm 1�s quantity and pro�t

as well as welfare

qpq1 (f) =
(a�m)

�
2� �2

�
(1 + �)

�
4� 3�2

� , �pq1 (f) =
(a�m)2(1� �)

�
2� �2

�2
(1 + �)

�
4� 3�2

�2 ,

W pq(l) =
(a�m)2(7 + �(1� �(5 + �)))

2(1 + �)
�
4� 3�2

� : (10)

Likewise, when the private �rm is the leader, the public �rm chooses p0 to maximise
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welfare and the outcome of this stage game is �rm 0�s reaction function

Rpq0 (q1) = m: (11)

Anticipating the public �rm�s quantity choice re�ected by Rqq1 (q0), the private �rm

chooses q1 to maximise its pro�ts in stage one. The solution to this problem leads to

qpq1 (l) =
a�m
2(1 + �)

. (12)

The rest of the equilibrium outcomes are as follows:

W pq(f) =
(a�m)2(7 + �)

8(1 + �)
; �pq1 (l) =

(a�m)2(1� �)
4(1 + �)

:

Following the same process as above, we obtain the equilibrium outcomes when the

public �rm chooses quantity and the private �rm chooses price as well as when both �rms

choose prices.

Case 3: The public �rm chooses quantity and the private �rm chooses

price.

When the public �rm is the leader, equilibrium outcomes are as follows:

qqp0 (l) =
(a�m)(4� 3�)

4� 3�2
, W qp(l) =

(a�m)2(7� 6�)
8� 6�2

,

pqp1 (f) = m+
2(a�m)(1� �)

4� 3�2
, �qp1 (f) =

4(a�m)2(1� �)2�
4� 3�2

�2 . (13)

Similarly, when the private �rm is the leader, equilibrium outcomes are as follows:

qqp0 (f) =
a�m
1 + �

; W qp(f) =
(a�m)2(7 + 8�)

8(1 + �)2
;

pqp1 (l) =
a+m(1 + 2�)

2(1 + �)
, �qp1 (l) =

(a�m)2
4(1 + �)2

. (14)
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Case 4: Both �rms choose prices.

When the public �rm is the leader, equilibrium outcomes are as follows:

ppp0 (l) =
a(1� �)� +m

�
4� � � 2�2

�
4� 3�2

, W pp(l) =
(a�m)2(7 + �(1� �(5 + �)))

2(1 + �)
�
4� 3�2

� ,

ppp1 (f) =
a(1� �)

�
2� �2

�
+m(2� �(�2 + �(2 + �)))
4� 3�2

, �pp1 (f) =
(a�m)2(1� �)

�
2� �2

�2
(1 + �)

�
4� 3�2

�2 .

(15)

Similarly, when the private �rm is the leader, the equilibrium outcomes are as follows:

ppp0 (f) =
a� +m(2 + �)

2(1 + �)
, W pp(f) =

(a�m)2(7 + 8�)
8(1 + �)2

,

ppp1 (l) =
a+m(1 + 2�)

2(1 + �)
, �pp1 (l) =

(a�m)2
4(1 + �)2

. (16)

The corresponding payo¤s of the �rms are given in Tables 1 and 2.

4 Cases: Social Welfare Private �rm�s Pro�t

Both �rms

choose quantities
W qq(f) = (a�m)2(7+�)

8(1+�)
�qq1 (l) =

(a�m)2(1��)
4(1+�)

The private �rm chooses quantity,

the public �rm chooses price
W pq(f) = (a�m)2(7+�)

8(1+�)
�pq1 (l) =

(a�m)2(1��)
4(1+�)

The private �rm chooses price,

the public �rm chooses quantity
W qp(f) = (a�m)2(7+8�)

8(1+�)2
�qp1 (l) =

(a�m)2
4(1+�)2

Both �rms

choose prices
W pp(f) = (a�m)2(7+8�)

8(1+�)2
�pp1 (l) =

(a�m)2
4(1+�)2

Table 1: Payo¤s for all Cases when the Private �rm is the Leader
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4 Cases: Social Welfare Private �rm�s Pro�t

Both �rms

choose quantities
W qq(l) = (a�m)2(7�6�)

8�6�2 �qq1 (f) =
4(a�m)2(1��)2

(4�3�2)
2

The public �rm chooses quantity,

the private �rm chooses price
W qp(l) = (a�m)2(7�6�)

8�6�2 �qp1 (f) =
4(a�m)2(1��)2

(4�3�2)
2

The public �rm chooses price,

the private �rm chooses quantity
W pq(l) = (a�m)2(7+�(1��(5+�)))

2(1+�)(4�3�2)
�pq1 (f) =

(a�m)2(1��)(2��2)
2

(1+�)(4�3�2)
2

Both �rms

choose prices
W pp(l) = (a�m)2(7+�(1��(5+�)))

2(1+�)(4�3�2)
�pp1 (f) =

(a�m)2(1��)(2��2)
2

(1+�)(4�3�2)
2

Table 2: Payo¤s for all Cases when the Public �rm is the Leader

4 Results

4.1 Private Stackelberg leadership

We solve for the subgame-perfect Nash equilibrium when the private �rm is a Stackelberg

leader. First, we identify the follower�s strategic choice given the leader�s choice. This

can be done by comparing the public �rm�s payo¤s within the price subgame and the

quantity subgame. We obtain the following conditions:

W pp �W qp = 0, W pq �W qq = 0. (17a)

For the private leader, we obtain:

�pp1 � �
pq
1 =

�2

4(1 + �)2
� 0, �pp1 � �

qq
1 =

�2

4(1 + �)2
� 0, (18a)

�qp1 � �
pq
1 =

�2

4(1 + �)2
� 0, �qp1 � �

qq
1 =

�2

4(1 + �)2
� 0; (18b)

where the equalities hold if and only if � = 0. We summarize our results on the �rms�

contract choice as follows.

Lemma 1 If � 6= 0, the price contract is a dominant strategy for the private �rm (leader),

whereas the public �rm (follower) is indi¤erent between choosing the price contract or the

quantity contract.
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For the private �rm, the price contract is a dominant strategy. The public �rm,

however, may choose either the price contract or the quantity contract. The rationale

follows from the fact that, in an imperfectly competitive market, the private �rm charges

a relatively high price and thus sells a relatively low level of output. When the private

�rm chooses quantity, it becomes a less aggressive competitor. But if it chooses price,

it becomes a tougher competitor, which in turn increases welfare through lower product

prices. Thus, the public �rm has an incentive to discourage its private counterpart from

choosing the quantity contract. It can do so by pricing at marginal cost when the private

leader chooses the quantity contract, i.e., pqq0 (f) = m and ppq0 (f) = m.
5 The private �rm

who anticipates the public �rm�s aggressive behavior is, then, deterred from choosing the

quantity contract. And instead, the private �rm opts for the price contract. The higher

welfare, in turn, makes the public �rm indi¤erent between the two contract types, as

Lemma 1 reports.

4.2 Public Stackelberg leadership

We now solve for the subgame-perfect Nash equilibrium when the private �rm is a Stack-

elberg leader. We proceed as in the previous game, obtaining the following conditions for

the private follower �rm:

�pp1 � �
pq
1 = 0, �qp1 � �

qq
1 = 0. (19a)

For the public leader, we obtain:

W pp �W qp =
(1� �)�2

2(1 + �)
�
4� 3�2

� � 0, W pp �W qq =
(1� �)�2

2(1 + �)
�
4� 3�2

� � 0,(20a)
W pq �W qp =

(1� �)�2

2(1 + �)
�
4� 3�2

� � 0, W pq �W qq =
(1� �)�2

2(1 + �)
�
4� 3�2

� � 0;(20b)
where the equalities hold if and only if � = 0. The following Lemma summarizes.

5pqq0 (f) = m can be obtained by substituting the equilibrium quantities into the public �rm�s demand
function.
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Lemma 2 If � 6= 0, the price contract is a dominant strategy for the public �rm (leader),

whereas the private �rm (follower) is indi¤erent between choosing the price contract or

the quantity contract.

The private �rmmay either choose the price contract or the quantity contract, whereas

the public �rm always chooses the price contract. Intuitively, the public �rm is a market

leader and therefore anticipates the private �rm�s behavior. Because the public �rm cares

about welfare, it internalizes the tendency of the private �rm to produce or price sub-

optimally. To see how the public �rm internalizes the private �rm�s behavior consider, for

instance, the case where the public �rm chooses price while the private �rm chooses quan-

tity. The corresponding reaction function of the private �rm is Rpq1 (p0) =
a(1��)�m+p0�

2(1��2) ,

which shows that q1 moves in the same (opposite) direction with p0, if the goods are

substitutes (complements). Anticipating the sub-optimal private quantity level, q1, the

public �rm has an incentive to increase (decrease) its own price p0, provided that the

goods are substitutes (complements). And unlike the private leader game where the pub-

lic �rm may price at marginal cost, it now sets a price above (below) marginal cost when

the goods are substitutes (complements), i.e., ppq0 (l) > m (ppq0 (l) < m) if � > 0 (� < 0).
6

In other words, the public �rm no longer needs to act aggressively to induce a favorable

welfare outcome. It simply exploits its �rst mover advantage by anticipating the private

�rm�s behavior, thus choosing its own contract accordingly. Therefore, as Lemma 2

reports, the public �rm always chooses the price contract: doing so forces the private

�rm to become a tougher competitor (Matsumura and Ogawa, 2012, citing Singh and

Vives, 1984). In turn, this raises welfare through lower product prices. And because the

public �rm�s behavior induces the private �rm to behave more aggressively, the private

�rm is no longer concerned about its own contract choice, i.e., it is indi¤erent between a

price contract and a quantity contract.

Lemmas 1 and 2 give us an irrelevance result:

Proposition 1 Regardless of whether the public or the private �rm is the market leader,
6In general, the public �rm�s actions �both under price and quantity settings �will result in the public

�rm�s price p0 that is above (below) marginal cost provided that the goods are substitutes (complements).
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the leader chooses the price contract whereas the follower is indi¤erent between choosing

the price contract or the quantity contract.

As explained above, in an imperfectly competitive market, the private �rm charges a

relatively high price which leads to a relatively low level of output. When the public �rm is

the market leader, it maximizes welfare by exploiting its �rst mover advantage. If it is the

follower, however, it behaves strategically in order to induce the private �rm to become a

more aggressive competitor, which in turn increases welfare through lower product prices.

Therefore, as Proposition 1 indicates, the identity of both the leader and the follower �rm

is irrelevant for the equilibrium mode of competition in the product market. We note

that the result also holds not only for substitutable but also for complementary goods.

Finally, we have checked the players� leadership preference. As might be expected,

our �nding is consistent with the Stackelberg model that both �rms prefer to be market

leaders. This is because each �rm�s payo¤ is higher when it acts as a leader than when

both �rms choose their strategies simultaneously.

5 Conclusions

In this research we have provided a new irrelevance result. Rather than focusing on

the attainment of the �rst-best allocation for welfare, we have considered the choice of

strategic variable in the product market. We have done so in a mixed duopoly where

either a public �rm or a private �rm is a Stackelberg leader and the choice of strategic

variable is endogenous. We have shown that the leader always chooses the price contract

whereas the follower is indi¤erent between the price contract and the quantity contract.

Therefore, the identity of both the leader and the follower �rm is irrelevant for the

equilibrium mode of competition in the product market. This result also holds regardless

of the type of goods (i.e., substitutes or complements).

Two key implications emerge. First, future research in this area may want to consider

the possibility that a price setting is warranted to describe the strategic behavior of

the market leader; while the choice of either a price or a quantity setting appears to

13



be relevant regarding the follower�s strategic behavior. These modeling choices should

further be treated as being independent of the type of goods.

And, second, it turns out that welfare is relatively higher in the subgame-perfect

equilibrium when the public �rm is a Stackelberg leader. This in turn suggests that there

may be a welfare-related reason to favor mixed markets where a public �rm enjoys a �rst

mover advantage. Further research is certainly welcome to understand better the extent

of generality of our irrelevance result. Allowing for general demand and cost structures

into the frame of analysis is a promising avenue for future research.
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